The properties of nanoscale spheres and tubes are of recent interest due to the discovery of the fullerene molecule and the carbon nanotube. These carbon structures can be modeled as nanoscale spherical or cylindrical shells. In this article, these nanostructures are treated in the thin shell approximation with the elastic properties taken to be those of the graphene sheet. A quantization prescription is applied to the classical elastic modes to facilitate the first calculations of the quantum-mechanical normalizations of selected modes. These modes are shown to be amenable to the study of electron-phonon interactions. Indeed, electron-phonon interaction Hamiltonians are derived. Moreover, it is shown for such a tube of finite length that the electron-phonon interaction strength depends on the axial position. As a special case it is shown that the dispersion relation for the clamped tube depends on the length of the tube. In this article we consider both the vibrational frequencies and the mode quantization for both spherical shell and the nanotube using realistic material parameters.
I. INTRODUCTION
The vibrational modes of nanoscale spheres and tubes have been of great interest recently with advances in techniques for fabricating or synthesizing these structures.
1,2
Even for such small systems, continuum models are known to yield useful approximate description and provide valuable insight. Continuum models have been successfully used to study embedded nanoscale structures in two and one dimension such as heterostructures. 3 They have also been applied to nonembedded nanoscale structures. For example, the continuum model has been used in the study of the radial breathing mode frequencies of nanospheres, including the effects of damping due to environmental interactions. [4] [5] [6] Also, the model has been applied to the study of both the normal modes and the energetics of fullerenes. 7, 8 In such continuum models, the nanoscale properties of a material are frequently described with adequate accuracy by its bulk elastic properties. 9 The purpose of the present work is twofold. The first goal is to present the normal modes of several nanoscale structures using an elastic continuum model with eigenvector normalizations suitable for computing electron-phonon interactions. Our second goal is to shed some light on the issue of the importance of the ''thickness'' of a single sheet of graphene. We show that within the elastic-continuum model the wall thickness drops out of the formulation.
In this article, we present calculations made with a simple elastic continuum model of fullerene-like structures. The structures considered here are thin shells whose material properties are assumed to be those of the bulk. The vibrational dynamics are studied using Newton's equations for an elastic continuum where the elastic properties describe the mechanical properties of the medium. Moreover, we give the derivation of the quantum-mechanical normalization for selected vibrational modes and we derive the appropriate electron-phonon diffraction Hamiltonians. It is this interaction which sets the fundamental limit for the dominant scattering mechanism for defect-free nanotubes. Comparison is made with available experimental measurements.
Our treatment contrasts with the atomistic approach in which the material is modeled as a collection of atoms, with a specific interaction between the atoms. The continuum model is obviously well suited for systems where an atomistic-type calculation is too large for the computational resources available. Our results suggest that the elastic continuum model provides a useful formulation for the approximate description of phonons and the technologically important carrier-phonon interactions in fullerenes and carbon nanotubes. We expect that this will be important to the study of electron transport in these nanostructures and to the subsequent development of electronic devices.
II. HOLLOW SPHERE
The study of the vibrational modes of spherical shells has a long history. 10 It has recently been of interest due to the similarity between the icosahedral C 60 molecule and the spherical shell. A similar model has been applied previously 7 to the case of C 60 , although with a different parameterization than the one used here. The elastic continuum models have been used successfully to calculate electron-phonon interactions.
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The hollow sphere may be considered to have a wall sufficiently thin that the stresses and strains do not vary across the shell wall. This approximation represents the socalled membrane theory. The classical modes of vibration of the hollow sphere have been known for some time. 11 In this article we consider the axisymmetric modes are low order modes which are expected to be of the most interest in computing electron-phonon interactions. These modes are described in polar coordinates by displacements in the radial direction by w n and in the tangential direction parallel to the azimuthal unit vector by n . There are both high and low energy branches in the dispersion relation whose modes are labeled by a n and b n , respectively. The index n labels the modes along each branch of the dispersion curve.
The displacement field for an axisymmetric mode n can be written as 11 w n ϭR n P n ͓cos͑ ͔͒, ͑1͒
n ϭQ n P n 1 ͓cos͑ ͔͒. ͑2͒
The functions P n are the Legendre polynomials, the functions P n 1 are the associated Legendre polynomials of the first kind and of first order, and the polar angle is . These functions form the basis set which, along with their coefficients R n and Q n , determines the shape of the mode. The ratio of the coefficients has been determined to be
where the plus and minus signs refer to the upper and lower branches of the dispersion relation, respectively. In the classical theory of normal modes, the ratio of R n to Q n is all that can be determined unambiguously. The absolute magnitude of the displacement field is the amplitude of the vibration. However, by quantizing the mode, we fix R n and Q n . The classical mode can be quantized using the condition that the displacement vector u be normalized according to the prescription
where M is the mass of the atoms in the sphere, V is the volume over which the integral is taken, and is the frequency of the vibration. It is assumed that u is constant across the thickness of the shell. In the present case, u ϭR n P n r ϩQ n P n 1 . From the theory of special functions, we have
where the integral is taken over the volume of the thin shell which is assumed to be small compared to the radius of the sphere.
The normalization condition of Eq. ͑4͒ gives
The angular frequencies, Ϯ , are
with the plus and minus signs as defined for Eq. ͑3͒ and where E, , and are the Young's modulus, Poisson ratio, and density of the graphene sheet, respectively; while R is the radius of sphere. For R n 2 in terms of Eq. ͑8͒, we have
In a previous calculation of the vibrational frequencies of C 60 using the elastic continuum model, the Young's modulus was scaled such that the frequency matched the experimental value of the breathing mode, while the Poisson ratio was assumed to be 1/3. 7 This scaling procedure produces a Young's modulus of 0.052 T Pa, which is much closer to the compressibility along the c axis of graphitec 33 ϭ0.036 T Pa-than it is to the basal plane compressibility-c 11 ϭ1.060 T Pa. This is surprising since the c-axis properties of bulk graphite are dominated by the weak van der Walls interactions between the graphite layers, an interaction which is absent in the C 60 molecule. Furthermore, Ref. 7 computes the density by assuming the C 60 molecule is a shell of mass equal to that of 60 carbon atoms and a thickness of 2ϫ0.093 Å. This results in a density of 3.9 g/cm 3 , a value significantly higher than the actual density of graphite 2.27 g/cm 3 .
14 As an alternative, we compute the vibrational frequencies using the Young's modulus of Eϭ1.060 T Pa, a Poisson ratio of ϭ0.145, and a density ϭ2.27 g/cm 3 . The values of the elastic constants are obtained using the formula ϭ c 11 Ϫ2c 66 2͑c 11 Ϫc 66 ͒ , Eϭc 66 . ͑10͒
Here, c 66 has been used since we are interested in stress and strain in the graphite basal plane and the reduced index referring to shear in this plane is 6. Equation ͑10͒ is derived for an isotropic material. The justification for its use is that while graphite is clearly not an isotropic material, it is isotropic in the basal plane and thus the shear modulus in the plane may be used in Eq. ͑10͒. The Poisson ratio computed in this way relates the strain caused in one direction in the graphene sheet by strain applied in the sheet in a perpendicular direc-tion. In the context of the thin spherical shell, this corresponds to strains of the surface tangential to the surface. We compare our results to Ref. 7 and the experiment in Table I . Our results agree to within 2%-6%, without any adjustable parameters. Other quantities are the density of graphite, 2.27 g/cm 3 , and the radius of the C 60 molecule, 3.5 Å.
14 When applying the results of continuum mechanics to single graphene layers, it is important to consider where the continuum mechanics become ill defined. In this case, both the density and Young's modulus are not well-defined quantities for a single atomic layer since they each require a definition of the thickness of the layer, something which has proven problematic for the graphene sheet. 15, 16 However, the Young's modulus and the density always appear as the ratio E/ in these calculations, thus, this quantity will be independent of the choice of thickness.
III. CYLINDRICAL SHELL
The cylinder is of interest because it can serve as an approximation for a wire. The hollow cylinder is particularly interesting due to its similarity to the single wall carbon nanotube. Recent experiments 17 have provided an impetus for treating the nanotube as an elastic continuum. Indeed, these experimental studies indicate that single-wall carbon nanotubes in the diameter range produced by laser vaporization-1.1-1.4 nm-are energetically stable against the nonplastic formation of pentagon-heptagon defects at strains of less than 5%. These results are fully expected based on the findings of the last section and the validity of the continuum approximation. Accordingly, in the present section we formulate the elastic continuum model for such cylindrical structures.
A. Infinite cylindrical shell
The frequencies of vibration for the infinite cylindrical shell of radius R and with tube axis parallel to the z axis are solved in Ref. 18 . The form of the displacement vector is
where ␦ is one of the cylindrical coordinates r, , and z, and (c r ,c ,c z ) is the eigenvector of the mode. Since Eq. ͑11͒ is in the form of a plane wave, the normalization is determined by Eq. ͑4͒ with u*uϭc r *c r ϩc *c ϩc z *c z . Computing this for a general mode ͑i.e., arbitrary m and k z ͒ is challenging because of the difficulty in solving for the c ␦ analytically. However, for the case of mϭ0 the c ␦ may be determined and for each value of k z there are three branches whose modes are given as ͫ c r c c z
with p Ϯ ϭ(Ϫk n 2 ϩ1Ϯͱk n 4 Ϫ2k n 2 ϩ1ϩ4 2 k n 2 )/2k n and the normalizations are
with k n ϭk z R. In the long-wavelength limit two of the three modes have zero energy, while the third has finite energy. 18 This last case is commonly called the ''breathing mode'' because the motion is purely radial. Using the frequency equation ϭͱE/(1Ϫ 2 )/R given in Ref. 18 and the material parameters given previously, we obtain 166 cm Ϫ1 as the frequency for the breathing mode.
B. Finite clamped cylinder
For the finite hollow cylinder with boundary conditions at the two ends, there are 136 different combinations of ''simple'' boundary conditions. 19 In envisioned electronic devices, one often needs to contact the leads to nanotube, thus constraining the tube in a manner that approximates clamping the ends of the tube. The ability to construct such leads with separations of only tens of angstroms has recently been demonstrated. 20 The finite clamped cylinder has been solved using Donnell's formulation for the equations of motion of the thin spherical shell and the approximate Rayleigh-Ritz variational solution of the problem. 21 The Donnell solution does include the thickness as a parameter, however we have used a value of 10 Ϫ5 Å so it is negligible. The variational solutions for the displacement field do not have a dependence on the position within the shell wall which is appropriate for a thin shell.
The variational solution is given as 
Ϫz ͪͬ cos n cos t, where kϭsin(l/2a)/sinh(l/2a),l is the length of the tube segment, and a is its radius. The variable is defined by the solutions of tan(l/2a)ϩtanh(l/2a)ϭ0 in order to satisfy the following boundary conditions on the displacement vector u at each end of the tube: u z ϭu ϭu r ϭdu r /dzϭ0. The variable is an analog of the wave number k z of the infinite case; however, these solution correspond only to vibrations with an odd number of axial waves. Classically, A, B, and C cannot be determined uniquely, however the ratios A/C and B/C have been computed. 21 The variational solutions can now be normalized according to the quantization condition Eq. ͑4͒. This fixes the coefficient C to be
with the definition
ͪ .
͑17͒
The frequency parameter is determined by the solutions to a cubic equation. The details of computing this and also the ratios A/C and B/C are given in Ref. 21 . The term M represents the mass of the entire tube segment. The mode of the clamped system which corresponds most closely to the breathing mode of the system is that for which takes its lowest value as previously defined. For a cylindrical shell of 7 Å radius and 1 m length, the energy of this mode is computed to be 174 cm Ϫ1 . The dispersion relation for the clamped tube depends on the length of the tube. Figure 1 shows the dispersion relations for two different tube lengths-28 and 70 Å. The dispersion curve consists of three branches. Since the tube is clamped, the dispersion curve is discrete and not continuous. The variable corresponding to the wave number of the continuous case is of Eq. ͑15͒. In Fig. 1 , we have plotted the energy against the normalized quantity l/2a. The left most point along the horizontal axes in Fig. 1 should most closely correspond to the ⌫ point of the infinite system. In the dispersion curves at each different length of tube, there is a point with an energy of approximately 175 cm Ϫ1 and this is where we should expect to find the analog of the breathing mode in the clamped system. Indeed this is the case for both the dispersion graphs in Fig. 1 . They each have a mode at approximately the correct energy, however for the 28-Å-long tube it is at the beginning of the middle curve and for the 70-Å-long tube it is at the beginning of the upper curve. In both cases the actual displacement corresponding to the mode with energy close to 175 cm Ϫ1 is primarily radial. Thus, the radial mode switches branches as the tube length increases.
Within the elastic continuum model, the divergence of the displacement, ٌ•u, of the cylindrical shell can be used to compute the deformation potential of the tube. As is well known, this deformation potential describes carrier-acousticphonon interactions in nonpiezoelectric media. 9, 22, 23 In the variational approximation, the deformation potential is given as
Note that the form of the divergence in cylindrical coordinates adds a radial dependence, even though the original equation for the displacement is not a function of r. The divergence for the lowest mode of the clamped tube is plotted in Fig. 2 . As expected, the deformation potential is largest in the regions where the tube is clamped. In regions far removed from the ''clamped'' portion of the nanotube, the deformation potential is smaller. This finding is consistent with the results of de Heer indicating electron transport in a free nanotube is quasiballistic even at room temperature. 24 It is also consistent with the discussions of Rueckes et al. 25 as they related to enhancing carrier interactions in the vicinity of regions where there is nanotubenanotube mechanical contact. Indeed, for nanotubes in the elastic regimes, the carrier interactions as determined by the deformation potential may be dominated by mechanical perturbations at selected points along the length of the nanotube.
IV. CONCLUSION
Vibrational modes of carbon nanoscale structures are modeled using elastic continuum theory. To properly describe phonons in such nanostructures, it is necessary to quantize the displacement amplitudes of the modes so that each mode has the proper quantum-mechanical energy. Moreover, we give the derivation of the quantum-mechanical normalization for these phonon modes are used as the basis for calculating the carrier-phonon interactions which are essential to numerous technological applications of the fullerenes.
This technique is illustrated in this article for the case of a simple thin membrane theory and realistic parameters from elastic continuum theory. It is possible to quantize analytically the lower-energy modes which generally dominate in carrier-acoustic-phonon interactions. Our result provides a framework for general computations of carrier transport phenomena in fullerenes as they are determined by the deformation potential.
